, where X is a finite set of v vertices and B is a collection of edge disjoint octagon quadrangles, which partitions the edge set of λK v defined on X . An octagon quadrangle system Σ = (X, B) of order v and index λ is strongly perfect if the collection of all the inside 4-cycle and the collection of all the outside 8-cycle quadrangles, contained in the octagon quadrangles, form a µ-fold 4-cycle system of order v and a -fold 8-cycle system of order v, respectively. More generally, C 4 -perfect OQSs and C 8 -perfect OQSs are also defined.
Introduction
A λ-fold m-cycle system of order v is a pair Σ = (X, C ), where X is a finite set of n elements, called vertices, and C is a collection of edge disjoint m-cycles which partitions the edge set of λK v , (the complete graph defined on a set X , where every pair of vertices is joined by λ edges). In this case, |C| = λv(v − 1)/2m. Often the integer number λ is also called the index of the system. When λ = 1, we will simply say that Σ is an m-cycle system. A 3-cycle is also called a triple and so a λ-fold 3-cycle system will also be called a λ-fold triple system. When λ = 1, we have the well-known definition of Steiner triple system (or simply triple system). Fairly recently the spectrum (i.e., the set of all v such that an m-cycle systems of order v exists) has been determined to be [1, 15] :
2m is an integer.
The spectrum for λ-fold m-cycle systems for λ ≥ 2 is still an open problem.
$ Lavoro eseguito nell'ambito del GNSAGA e nell'ambito del MIUR. In these last years, G-decompositions of λK v have been examined mainly in the case in which G is a polygon with some chords forming an inside polygon whose sides joining vertices at distance two. Many results can be found at first in [3, 10, 11, 13] and after in [4, 9, 12] . Recently octagon triple systems and dexagon triple systems have been studied in [2, 14] . Generally, in these papers, the authors determine the spectrum of the corresponding systems and study problems of embedding.
In [5] [6] [7] [8] , Lucia Gionfriddo had introduced another idea: she studied G-decompositions, in which G is a polygon with chords which determine at least a quadrangle. Further, these polygons have the property of nesting C 4 -systems, kite-systems, etc. . . . In particular, in [8] she has studied perfect dodecagon quadrangle systems: here the blocks are dodecagons with chords which join vertices at distance three, dividing the dodecagon in five quadrangles.
In this paper, following this idea, we study octagon quadrangle systems, determining the spectrum in the case that the indices have the admissible minimum values.
Main definitions
In what follows a k-cycle C k , k ≥ 3, having vertices x 1 , x 2 , . . . , x k and edges {x 1 ,
The graph given in the Fig. 1 will be called an octagon quadrangle and will be also denoted by [(
An octagon quadrangle system of order v and index λ, briefly an OQS, is a pair Σ = (X, B), where X is a finite set of v vertices and B is a collection of edge disjoint octagon quadrangles, called blocks, which partitions the edge set of λK v , defined on the vertex set X .
An octagon quadrangle system Σ = (X, B) of order v and index λ is said to be: (i) C 4 -perfect, if all of the inside C 4 -cycles contained in the octagon quadrangles form a µ-fold 4-cycle system of order v; (ii) C 8 -perfect, if all of the outside C 8 -cycles contained in the octagon quadrangles form a -fold 8-cycle system of order v; (iii) strongly perfect, if the collection of all of the inside C 4 -cycles contained in the octagon quadrangles form a µ-fold 4-cycle system of order v and the collection of all of the outside C 8 -cycles contained in the octagon quadrangles form a -fold 8-cycle system of order v.
In the first two cases, we say that the system has indices (λ, µ) or (λ, ) respectively, in the third case we say that the system has indices (λ, , µ).
In the following examples there are OQSs of different types. The vertex set is always Z v . The collection B of octagon quadrangles is given by a set of base blocks. Base blocks (mod 13):
Example 2. The following blocks define a C 4 -perfect OQS(13) of indices (5, 2) . The inside C 4 -cycles form a C 4 -system of index µ = 2; the outside C 8 -cycles do not form a C 8 -system.
Base blocks (mod 13):
Example 3. The following blocks define a C 8 -perfect OQS(13) of indices (5, 4) . The outside C 8 -cycles form a C 8 -system of index = 4; the inside C 4 -cycles do not form a C 4 -system.
Base blocks (mod 13): 
Necessary existence conditions for perfect OQSs
In this section we prove some necessary existence conditions for C 4 -perfect OQSs, C 8 -perfect OQSs, strongly perfect OQSs. 
for some positive integer k, where
Proof. Let Ω = (X, B) be a strongly perfect OQS of order v and let
be the outside C 8 -system and the inside C 4 -system respectively. Let (λ, , µ) be their indices, in the order. Since |B| = |B 1 | = |B 2 |, necessarily:
· µ. 
Proof. The statement follows directly from (i) of Theorem 3.1. 
Proof. The statement follows directly from (i) of Theorem 3.1.
Existence of particular octagon systems of indices (5, 4, 2)
In this section we give some systems useful in what follows. Since necessary conditions for the existence of OQS(v)s of indices (5, 4, 2) are v ≡ 0 or 1 mod 4, v ≥ 8, we examine the cases v = 8, 9, 12, 13. We can verify that Σ 9 is a strongly perfect OQS(9) of indices (5, 4, 2).
(ii) Let Σ 13 = (Z 13 , B) be the system defined on Z 13 whose blocks are all the translated one obtained by the following:
base blocks (mod 13):
[(3), 12, 10, (9), (7) (5, 2) , which are C 4 -perfect, but not C 8 -perfect.
Proof. (i)
Let Ω 9 = (Z 9 , B) be the system defined on Z 9 whose blocks are all the translated one obtained by the following:
base blocks (mod 9):
]. We can verify that Ω 9 is a C 4 -perfect OQS(9) of indices (5, 2), but it is not C 8 -perfect.
(ii) Let Ω 13 = (Z 13 , B) be the system defined on Z 13 whose blocks are all the translated one obtained by the following: base blocks (mod 13):
[(0), 1, 10, (7), (2), 8 Proof. (i) Let ∆ 9 = (Z 9 , B) be the system defined on Z 9 whose blocks are all the translated one obtained by the following:
. We can verify that ∆ 9 is a C 8 -perfect OQS(9) of indices (5,4), but it is not C 4 -perfect.
(ii) Let ∆ 13 = (Z 13 , B) be the system defined on Z 13 We can verify that ∆ 12 is a C 8 -perfect OQS(12) of indices (5, 4), but it is not C 4 -perfect. Proof. (i) Let Π 9 = (Z 9 , B) be the system defined on Z 9 whose blocks are all the translated one obtained by the following:
]. We can verify that Π 9 is an OQS(9) of index 5, which is neither C 4 -perfect, nor C 8 -perfect.
(ii) Let Π 13 = (Z 13 , B) be the system defined on Z 13 whose blocks are all the translated one obtained by the following:
base blocks (mod 13): 2, 8, (3), (11), 5, 9, (4) ].
We can verify that Π 9 is an OQS(9) of index 5, which is neither C 4 -perfect, nor C 8 -perfect. (iii) Let Π 8 = (W 8 , B) be the system defined on W 8 = Z 7 ∪ {∞}, ∞ ∈ Z 7 whose blocks are all the translated one obtained by the following:
base blocks (mod 7):
, where ∞ is a fixed vertex and all the others are obtained cyclically in Z 7 .
We can verify that Π 8 is an OQS(8) of index 5, which is neither C 4 -perfect, nor C 8 -perfect.
(iv) Let Π 12 = (W 12 , B) be the system defined on W 12 = Z 11 ∪ {∞}, ∞ ∈ Z 11 whose blocks are all the translated one obtained by the following: base blocks (mod 11):
, where ∞ is a fixed vertex and all the others are obtained cyclically in Z 11 .
We can verify that Π 12 is an OQS(12) of index 5, which is neither C 4 -perfect, nor C 8 -perfect.
Construction v → v + 8 for OQSs of indices (5, 4, 2)
In this section we give a construction for OQSs having indices (5, 4, 2), for all possible orders. (5, 4, 2) .
the family H of octagon quadrangles as follows: If x ∈ Z v−1 and y ∈ Z 8 , then x = ∞, y = ∞ and the edge {x, y} is contained in the octagon quadrangles of H. Each vertex y ∈ Z 8 has degree 3 in v − 1 blocks and degree 2 in the other v − 1 blocks and the edge {x, y} is contained exactly in five octagon quadrangles of H, in four outside C 8 -cycles and in two inside C 4 -cycles.
We also observe that the number of blocks of C is:
which is exactly the number of blocks of an OQS(v + 8):
So, the proof is complete. (5, 4) . Proof. Let Σ, H be defined as in Theorem 5.1 and let Σ = (Z 9 , B ) be the OQS(9) whose blocks are the translated one of the following:
. Following the proof of Theorem 5.1, since Σ is a C 8 -perfect OQS (9) , but it is not C 4 -perfect, the statement is proved. We can verify that it has index 5 and it is neither C 4 -perfect, nor C 8 -perfect and so the statement is proved.
Conclusive existence Theorems for OQSs of maximum index 5
Collecting together the results of the previous sections, we have the following conclusive theorems: 
